
Lecture 10: F-test and Violations of the 
Assumptions

Quantitative Methods for 
Regulation and Competition



Today’s Lecture

• Reviewing null and alternative hypothesis 
and two-tailed and one-tailed tests

• F-test
• Violations of the assumptions of the 

regression model:
– Heteroskedasticity
– Serial correlation



Null and Alternative Hypothesis

• Alternative usually contains research question
• Why? Because when testing a hypothesis…

– We assume that the null is true and
– Gathering evidence, we reject (or fail to reject) it

• Similar to courts: “innocent until proven guilty”
– If enough evidence, then accused is guilty
– If not, accused has not proven innocent but 

prosecutors have failed to prove him/her guilty



Two-Tailed and One-Tailed Tests

• Example: company filling 33 ml cans of cola
– If we want to test whether machine is not working 

properly:
H0: µ = 33
H1: µ ≠ 33 

– If we want to test whether the company is 
underfilling the cans:

H0: µ = 33 (sometimes written as µ ≥ 33*)
H1: µ < 33

* If we reject 33, then we should reject anything 
higher than 33



How to choose?

• A two-sided test should be used when…
– You have no idea which direction it will go or
– You are interested in testing both directions

• A one-sided test …
– Is more difficult to set up null and alternative 

and therefore should only be used when…
– You have knowledge of the subject matter,
– The opposite tail is of no interest and completely 

meaningless to you



F-test: Motivation
• Suppose that we want to know whether a production 

function exhibits constant returns to scale (CRS)
• If we assume a Cobb-Douglas production function …

CRS is equivalent to say that ß1 + ß2 = 1
• Taking logs and introducing the possibility of errors…

• We can get estimates of ß1 and ß2

• Now we want to test whether ß1 + ß2 = 1
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Types of F-tests

• For another model…
Yi= ßo + ß1 X1i + ß2 X2i+ ß3 X3i +εi

we may also be interested in testing whether…
ß1 = 0 and ß2 = 0 or…
ß1 = 0 and ß2 = 0 and ß3 = 0 or…
ß3 = 0 and ß1 + ß2 = 1 or…

• That is, we want to test multiple conditions…
e.g: H0: ß1 = 0 and ß2 = 0

H1: not H0

• Use F-Tests!



F-test: Idea

– Run a restricted regression (imposing null):
Yi= ßo + ß3 X3i +εi

– Run an unrestricted regression (without 
imposing null):

Yi= ßo + ß1 X1i + ß2 X2i+ ß3 X3i +εi

– Is the unrestricted model fitting much better 
the data? (i.e. does R2 increases a lot?)

• Not much when the null hypothesis is true
• Significantly when the null hypothesis is false



F-test: Procedure

• If we have m restrictions, n observations and 
k+1 explanatory variables, the F-statistic…

Follows a F-distribution with m and n-k-1 degrees of 
freedom if the null hypothesis is true

• We can compare the F statistic with F* in the 
tables for the Fm,n-k-1 distribution

( )
( ) )1/(1

/
2

22

−−−
−

=
knR
mRRF

edunrestrict

restrictededunrestrict



F-distribution



Example 1: CRS
• On…

We want to test
H0: ß1+ ß2 = 1
H1: not H0

• Run...

And

Compute R2’s of both and plug in previous equation (F)
Check whether F is higher than F* (with 1, n – 3 degrees)
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Example 2: “The” F-test

• For a model…
Yi= ßo + ß1 X1i + ß2 X2i+ ß3 X3i +εi

we may want to test
H0: ß1 = 0 and ß2 = 0 and ß3 = 0
H1: not H0

• Here, the restricted model gives R2=0 and we 
have k restrictions. Therefore…

And proceed as before!
• This test is reported in (most) regression outputs
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Assumptions Multiple Regression 
Model

• Yi= ßo + ß1 X1i + …+ ßk Xki +εi  (1)
• E (εi ) = 0 for all i                         (2)
• Var (εi ) = σε2 for all i           (3)
• Cov (εi, εj) = 0 for all i ≠ j  (4)
• Cov (Xi, εj) = 0 for all i        (5)
• εj ~ N (0 , σε2 ) for all i         (6)
• No explanatory variable is an exact linear 

function of the other explanatory variables (7)



Heteroskedasticity

The graph 
exhibits a 

constant error 
variance—the 

errors are 
homoskedastic. 

The dispersion in 
the observations 
for different levels 
of the explanatory 
variable is about 

the same.



Heteroskedasticity

The graph shows 
that the variance in 

the errors gets 
larger as the 
explanatory 
variable gets 

larger—represents 
nonconstant error 

variance, or 
heteroskedasticity. 

Graph shows a particular example of heteroskedasticity, one where the 
error variance increases with the level of X.  Other types are possible.



Heteroskedasticity

• Violation of (3): errors do not have same variance
• Example of a cause:

– Regressing food expenditure on income
– For high income levels high dispersion
– For low income levels low dispersion

• Consequences:
– OLS estimators are unbiased
– But they are not the best unbiased estimators
– Hypothesis tests could yield erroneous results



Heteroskedasticity

• Detection: more tests
• Solution 1: weighted least squares

– More weight in observations with lower variance
– Transform model into one satisfying assumptions:

– This is the best linear unbiased estimator
– Problem: how to estimate the standard deviations!

• Solution 2: use OLS and White-test to test 
hypothesis



Serial Correlation

Graph shows 
the scatterplot 
of Y against X.



Serial Correlation

Graph shows the 
errors for the different 
observations, which 
exhibit no obvious 
pattern—the errors 

seem random. 
Sometimes, however, 

the errors follow a 
pattern—they are 
correlated across 

observations, creating 
a situation in which 

the observations are 
not independent with 

one another.



Serial Correlation

This graph shows 
another example of 

residuals that do 
not seem to be 

random, but rather 
seem to follow a 

pattern.



Serial correlation

• Violation of (4): errors are correlated
• Example of a cause:

– Time series data, where observations are at different points 
in time

– Factors omitted (and contained in the error) may be 
correlated over time

• Consequences:
– OLS estimators are unbiased
– But they are not the best unbiased estimators
– Hypothesis tests could yield erroneous results


